We use the superspace formulation of (massive) IIA supergravity to obtain the explicit form of the dilatino terms, and we find that the quartic-dilatino term is positive. The theory admits a ten-dimensional de Sitter solution, obtained by assuming a nonvanishing quarticdilatino condensate which generates a positive cosmological constant. Moreover, in the presence of dilatino condensates, the theory admits formal four-dimensional de Sitter solutions of the form dS 4 × M 6 , where M 6 is a six-dimensional Kähler-Einstein manifold of positive scalar curvature.
Introduction and summary
Fermionic condensates have been considered in the past mostly in the context of heterotic theory [1, 2, 3, 4, 5, 6, 7, 8, 9] and, to a lesser extent, in eleven-dimensional supergravity [10, 11] . Of course spinor vevs must vanish in a Lorentz-invariant vacuum, however scalar quadratic-and quartic-fermion condensates are allowed by the symmetry of the vacuum and may be generated by quantum effects.
In (massive) type IIA theory there is a single scalar that can be constructed in ten dimensions out of four dilatini, as can be seen by e.g. the Fierz identities (3.7) below. The presence of a unique quartic-dilatino term in the action thus gives a simple and interesting possibility to generate a positive cosmological constant via fermionic condensation. As we will see this possibility is indeed realized, in that the quartic-dilatino term of the theory turns out to be positive. Moreover, assuming nonvanishing dilatino condensates, one can obtain both a maximally-symmetric tendimensional de Sitter vacuum dS 10 and a compactification to four dimensional de Sitter space dS 4 , of the form dS 4 × M 6 with M 6 a Kähler-Einstein six-dimensional manifold of positive curvature (such as e.g. CP 3 with the Fubini-Study metric).
Let us be clear that these are formal solutions of (massive) IIA supergravity, obtained by simply assuming nonvanishing values of the dilatino condensates of the theory. Our apporach is similar to e.g. [10] , in that we do not offer any concrete scenario or mechanism for the generation of the dilatino condensate.
The quartic-fermion terms in the massive IIA theory were not computed in [12] . On the other hand all (massive) IIA supergravities admit a unified superspace formulation, given in [13] , in which the quartic-fermion terms are given implicitly. Unfortunately their explicit form was not worked out in [13] . However it was conjectured in [12] that the quartic-fermion terms are identical in the massive and massless IIA theories. Indeed this follows immediately from the results of [13] , since at the level of the superspace Bianchi identities given in that reference the massless limit is smooth and the quartic-fermion terms do not depend on the mass.
The massless IIA supergravity theory was first obtained in [14, 15, 16] (complete with quartic fermions) by the dimensional reduction of eleven-dimensional supergravity [17] . Moreover, the quartic-fermion terms of (massive) IIA were given explicitly in [18] , in the rheonomic formulation. These references could therefore be used in principle to provide the "missing" quartic-fermion terms of Romans supergravity. Unfortunately, however, we have been unable to conclude whether the quartic-fermion terms in [14, 15, 16, 18] agree with each other. 1 Instead in the present paper we derive the dilatino terms from scratch using the superspace formalism of [13] , and we find agreement with [14] . In deriving these computationally intensive results, we have made extensive use of the computer program [19] which builds on [20] to supplement it with various functionalities, including explicit spinor indices and their manipulation.
Our strategy will be to first determine the fermionic action, S f , up to gravitino terms. I.e. S f is obtained from the full fermionic action by setting the gravitino to zero. We will refer to the action thus obtained as the dilatino-condensate action. The result is given in eq. (2.22) below. Of course setting the gravitino to zero is in general inconsistent, since the gravitino couples linearly to terms of the form (flux)×(dilatino) and (dilatino) 3 . However, in a Lorentz-invariant vacuum, where linear and cubic fermion vevs vanish, this does not lead to an inconsistency.
The dilatino-condensate actions of the present paper should thus be regarded as pseudoactions: book-keeping devices whose variation with respect to the bosonic fields gives the correct bosonic equations of motion in the presence of dilatino condensates (hence their name). Moreover the fermionic equations of motion are trivially satisfied in the Lorentz-invariant vacuum.
On the other hand, as we explain in more detail in section 3, setting the gravitino to zero is a frame-dependent statement. Moreover the superspace formalism of [13] turns out to be in a frame different from the Einstein frame. Thus the dilatino-condensate action (2.22) cannot be compared to the actions in [14, 15, 16] , which are expressed in the Einstein frame, by simply setting the gravitino in those references to zero.
As we will see in section 3, setting the superspace-frame gravitino to zero turns out to be equivalent to setting the Einstein-frame gravitino to be proportional to the dilatino. Specifically the dilatino-condensate action (2.22) should be compared with what one obtains from [14, 15, 16] by imposing (3.1). This exercise is performed in section 3, and we find agreement with [14] . Of course the massive terms in (2.22) are absent from the massless IIA action of [14] . Rather they can be compared to what one obtains from the Romans action [12] by imposing (3.1), and again we find perfect agreement.
The generic dilatino-condensate action, obtained by setting to zero the gravitino of an arbitrary frame (parameterized by a real parameter β), is given in (3.8) below: it is obtained from the action of [12] completed with the quartic-fermion terms of [14] , by imposing (3.3) with arbitrary parameter β. As special cases, the dilatino-condensate actions obtained by setting the Einsteinframe, string-frame gravitino to zero are given in (3.9), (3.10) respectively.
Having obtained the general dilatino-condensate action, we can look for de Sitter solutions supported by nonvanishing dilatino condensates. In section 4.1 we show that, setting the Einsteinframe gravitino to zero, the theory admits ten-dimensional de Sitter vacua supported by the quartic-dilatino condensate, with constant dilaton and vanishing flux. In sections 4.2, 4.3 we consider compactifications on six-dimensional Kähler-Einstein manifolds M 6 . We show that setting the Einstein-frame gravitino to zero leads to four-dimensional de Sitter solutions of the form dS 4 × M 6 . Section 4.2 considers the case of vanishing flux and nonvanishing quadraticand quartic-dilatino condensates, while section 4.3 considers nonvanishing RR flux and vanishing quadratic-dilatino condensates.
The plan of the remainder of the paper is as follows. The action of (massive) IIA supergravity is obtained in section 2, up to gravitino terms. The derivation of the bosonic terms, already worked out in [13] , is reviewed in section 2.1. In particular we recover the fact that the superspace formalism of [13] is naturally formulated in a frame different from the Einstein frame. The dilatino terms are derived in section 2.2. In section 3 we compare the dilatino-condensate action (2.22) with what one would obtain from [12] and the quartic term in [14] by setting the superspace-frame gravitino to zero, and we find perfect agreement. Furthermore we derive the generic dilatino-condensate action (3.8) obtained by setting to zero the gravitino of an arbitrary frame. In section 4 we show that the dilatino condensate action (3.9), obtained by setting the Einstein-frame gravitino to zero, admits de Sitter vacua of the from dS 10 and dS 4 × M 6 , supported by the quartic-dilatino condensate. We conclude in section 5. Appendix A works out the supersymmetry transformations, while appendix B compares some different conventions in the literature.
Massive IIA in superspace
Massless IIA supergravity [14, 15, 16] was first obtained by the dimensional reduction of elevendimensional supergravity [17] . The massive deformation of IIA supergravity, which cannot be obtained by reduction from eleven dimensions, was introduced by Romans in [12] . Moreover all (massive) IIA supergravities admit a unified superspace formulation, given in [13] . 2 Here we are interested in giving a nonzero expectation value to the dilatino condensate in (massive) IIA supergravity. For that purpose we need to know the terms both quadratic and quartic in the dilatino. However the quartic-fermion terms (although implicit in [13] ) were not explicitly derived in that reference.
In this section we will use the superspace formulation of the theory to extract the explicit form of the dilatino terms in the action. More precisely, Romans supergravity is obtained by setting
in all equations of [13] .
The bosonic terms
The bosonic equations of motion appear at mass dimension-2 and are given in eq. (3.91) of [13] . Setting all fermionic superfields to zero and restricting to the x-space component of the bosonic superfields (i.e. the lowest-order term in the theta-expansion), the content of the B = C = 0 equations of [13] can be seen to be equivalent to the following set of equations,
The A = D = 0 equations of [13] can be seen to be equivalent to,
2 The solution of the superspace Bianchi identities up to mass dimension-1 was previously given in [21] .
together with the Einstein equation, The first equation in (2.3) above can be solved by introducing a scalar field φ,
where the normalization has been chosen so that φ is identified with the dilaton. The equations above are not automatically expressed in the Einstein frame in ten dimensions. To transform to the Einstein frame we define a new Weyl-rescaled metric,
The Einstein equation then takes the form,
whereR mn is the Ricci tensor ofĝ; the contractions on the right-hand side are taken with respect to the unrescaled metric g.
The equations above can be recognized as the bosonic equations of Romans supergravity. For example one can readily make contact with the formulation of [22] 3 by using the following 3 We are using the conventions of [22] where all (bosonic) forms are given in "superspace conventions",
These are better suited for our discussion here which derives from the superspace formulation of IIA supergravity in which these conventions are the natural ones. The Hodge star is defined as follows,
so that,
dictionary, 8) up to fermionic bilinear terms which will be determined in the following, cf. (2.16) below. The equations of motion read,
where the covariant derivative∇ and the Hodge star⋆ are taken with respect to the rescaled metricĝ, and,
where the contractions on the right-hand side are computed usingĝ. Moreover the forms obey the following Bianchi identities,
It can also be checked that the equations of motion integrate to the following bosonic action in the Einstein frame, cf. (2.1) of [22] , 12) where contractions are taken with respect to the rescaled metricĝ and CS denotes the ChernSimons term.
The dilatino terms
As explained in the introduction, we are interested in determining the fermionic action up to gravitino terms. The fermionic equations of motion appear at dimension-3/2 and are given in eq. (4.25) of [13] ,
(2.13)
These are exact superfield equations, i.e. valid to all orders in the theta-expansion.
In order to identify the fermionic part of the action giving rise to these equations we must first address the following two issues: Firstly, once the fermionic superfields are turned on, the bosonic equations (2.2), (2.3), (2.4) will be violated by terms quadratic and quartic in the fermion superfields. In other words, these equations are not valid as full-fledged superspace equations for superfields. In particular, the superspace Bianchi identities for the superforms at mass dimension-1, read: 14) where the hatted superfields differ in general from the unhatted ones by spinor superfield bilinears. Explicitly in components the Bianchi identities read:
These can be solved following the standard procedure, taking into account the expressions for the torsion superfield components of [13] . The solution reads, 16) for the top (bosonic) components and
for the remaining components. The ordinary bosonic forms are identified with the lowest-order components in the theta-expansion of the hatted superfields in (2.16).
Secondly, note that the following combinations,
vanish on-shell, cf. (4.9),(4.10) of [13] . Hence we are free to add to the right-hand sides of equations (2.13) terms proportional to ∆T above. When integrated to a fermionic action, they induce terms proportional toT α λ α ,T α µ α . Given thatT is the trace of the dimension-3/2 torsion, these are gravitino terms which we set to zero here. 4 Let us take as our starting point the fermionic equations (2.13), adding to the right-hand sides the terms c 1 ∆T α , c 2 ∆T α , as explained in the previous paragraph, for some coefficients c 1 , c 2 . Provided we take c 2 = c 1 , the resulting equations can be integrated into the following fermionic action:
(270 − 43c 1 )e 5φ/4 m(ΛΛ)
where the Dirac gamma-matrices Γ m and the Majorana fermions Λ are given in (A.8), (A.9) respectively; we have expressed the final result in terms of the rescaled metric (2.6) and the bosonic forms in (2.8), with the understanding that the unhatted forms therein are now replaced by the correponding hatted ones given in (2.16):
The precise relation between T α ab and the gravitino can be derived using the procedure described in detail in e.g. [23] and it is of the form: The total action (up to gravitino terms) is thus given by: S = S b + αS f , for some coefficient α to be determined.
Next consider the dilaton equation of motion, 20) which is an exact superfield equation obtained from the Bianchi identities at dimension-2; it reduces to the bosonic dilaton equation given in (2.9) upon setting to zero the fermionic superfields, and transforming to the Einstein-frame metric. As explained above, we can modify equation (2.20) by adding on the right hand-side a term of the form c 3 λ α ∆T α + c 4 µ α ∆T α , which vanishes on-shell. This will generate gravitino terms λ αT α , µ αT α , which we can then set to zero. Plugging back the above into the action we obtain, where the bosonic part of the action S b was given in (2.12).
The Einstein equation can be used as a further consistency check. The dimension-2 superspace Bianchi identities give,
Proceeding as before, we note that the following terms vanish on-shell,
a µ)
a µ) 
General dilatonic vacua
The dilatino ψ m of the superspace formulation is canonically related (through the suspersymmetry transformations) to the metric g mn , whereas the dilatino Ψ m of (A.11) is canonically related to the rescaled Einstein-frame metricĝ mn , cf. (2.6). The action (2.22) is obtained by setting the superspace gravitino to zero which thus corresponds to,
as can be seen from (A.9).
More generally, setting the gravitino to zero is a frame-dependent statement. This can be seen directly from the supersymmetry transformation for the vielbein (A.1) which, when evaluated at the lowest order in the θ-expansion, gives δ ξ e m a = −i(ǫγ a ψ m ) − i(ζγ a ψ m ), up to a Lorentz transformation. More generally, it canonically associates the vielbein of the metric g (β) with the gravitino ψ (β) , where,
and we have used, δ ξ φ = ξ · ∇φ = (ǫλ) + (ζµ). It follows that setting the gravitino ψ (β) to zero corresponds to, ψ
which generalizes (3.1) to an arbitrary frame. In particular, we distinguish the following cases,
, vanishing superspace-frame gravitino 0, vanishing Einstein-frame gravitino The four-fermion part of the IIA Lagrangian in [14] is given as a sum of 24 terms expressed in terms of Ψ GP m , λ GP , cf. appendix B. Substituting (3.3) in [14] corresponds to setting,
where c := √ 2(β + 1/12), with β ∈ R. We thus obtain the following expression for the (λλ) 2 term in [14] ,
where in the last equality we used the following Fierz identities,
Furthermore substituting (3.3) in the massive IIA action of [12] , completing it with the quarticfermion term (3.6) and normalizing to our conventions, cf. appendix B, we obtain the oneparameter family of dilatonic-condensate pseudoactions,
(3.8) where S b is given in (2.12), and c was defined below (3.5).
Setting β = −3/4 in (3.8) we recover the action (2.22). The dilatonic-condensate pseudoactions S E , S st obtained by setting the Einstein-frame, string-frame gravitino to zero (β = 0, 1/4 respectively) read, 9) and
Note that the quartic-dilaton term in S E can potentially generate a positive cosmological constant, contrary to the quartic-dilaton term in S st , which is negative. 
(3.12)
The form equations read, In addition to the equations above, the forms obey the Bianchi identities given in (2.11).
de Sitter vacua
Having obtained the general dilatino-condensate action (3.8), we can look for de Sitter solutions supported by nonvanishing dilatino condensates. We will use for that purpose the dilatinocondensate pseudoaction (3.9), obtained by setting the Einstein-frame gravitino to zero (β = 0), although the analysis can be easily extended to a general value of the parameter β.
dS 10
In this section we show that the massless IIA theory admits ten-dimensional de Sitter vacua supported by the quartic-dilatino condensate, with constant dilaton and vanishing flux. The only potentially nonvanishing condensates in the ten-dimensional Lorentz-invariant vacuum are the scalar condensates (ΛΛ) and (ΛΛ) 2 . Note in particular that these vevs are a priori independent. 5 With these assumptions, setting m, β = 0, we see that the Bianchi identities (2.11), the form equations in (3.13) and the dilaton equation (3.11) are trivially satisfied. Moreover the Einstein equation (3.12) reduces to,
For a nonvanishing quartic-dilatino condensate we thus obtain a simple realization of dS 10 in massless IIA theory. 6 The de Sitter radius is set by the value of the condensate.
dS 4 × M 6 without flux
Let us now consider compactifications, on six-dimensional Kähler-Einstein manifolds M 6 , of massless IIA supergravity to a maximally-symmetric Lorentzian manifold M 1,3 with vanishing flux, F , H, G = 0, and constant dilaton which we also set to zero for simplicity, φ = 0. More specifically, we assume that the ten-dimensional spacetime is of direct product form
Moreover,
where g µν , g mn are the components of the metric in the external, internal space respectively; we have chosen the parameterization so that positive Ω corresponds to de Sitter space, and similarly for ω, cf. footnote 6.
The internal manifold being Kähler-Einstein, it admits a nowhere-vanishing spinor, η, of positive chirality, which we take to be commuting. Moreover the spinor obeys,
where dP is proportional to J, the Kähler form of M 6 . Furthermore J can be expressed as an η bilinear,
We decompose the chiral and antichiral components of the dilatino, λ and µ respectively, cf. (A.9), as follows,
where χ + (χ − ) is a chiral (antichiral) anticommuting Weyl spinor of M 1,3 . The rationale for this decomposition is that, in the effective action describing the compactification on M 6 , (4.6) should give rise to "light" four-dimensional spinors χ ± ; 7 it generalizes to the Kähler-Einstein case the decomposition of [1] , where M 6 is taken to be a Calabi-Yau. Similar decompositions were adopted in e.g. [7] .
It follows from (4.6) that, for a Lorentz-invariant four-dimensional vacuum, the dilatino bilinear condensates take the form,
where the complex number A := 4(χ + χ − ) is the four-dimensional quadratic-dilatino condensate, and vol 4 is the volume element of M 1,3 . Furthermore, setting m, β = 0, we see that the Bianchi identities (2.11), the form equations (3.13) and the dilaton equation (3.11) are all automatically satisfied. The mixed (µ, m) components of the Einstein equations (3.12) are automatically satisfied, while the internal and external components of the Einstein equations reduce to,
where we have used that vevs of the form (ΛΓ (m ∇ n) Λ) vanish.
For a nonvanishing quartic-dilatino condensate we thus obtain a simple realization of dS 4 × M 6 in massless IIA theory. The curvature of de Sitter space and the internal manifold are both set by the value of the condensate.
dS 4 × M 6 with RR flux
In this section we consider compactifications supported solely by a nonvanishing quartic-dilaton vev, i.e. such that, (ΛΛ)
for p = 0, . . . , 10. As we will see, with this assumption 8 the theory admits four-dimensional de Sitter solutions of the form dS 4 × M 6 with nonvanishing RR flux, where M 6 is a six-dimensional Kähler-Einstein manifold of positive scalar curvature.
Let us note that solutions with vanishing quadratic condensates, supported by nonvanishing quartic-fermion condensates, are necessarily nonsupersymmetric. This readily follows from the supersymmetric integrability theorem for (massive) IIA [13, 25] . Indeed quartic condensates leave the Bianchi identities, the form equations and the supersymmetry transformations unchanged, while modifying the Einstein equation. If such solutions were supersymmetric they would therefore violate the integrability theorem, leading to contradiction. A supersymmetric integrability theorem in the presence of condensates has recently been presented in [9] in the context of the heterotic string, and it would be interesting to extend it to the type II case.
As in section 4.2, we assume that the ten-dimensional spacetime is of direct product form, cf. (4.2), (4.3). Moreover we set the dilaton and the three-form flux to zero, φ = 0, H = 0, and we parameterize the RR fluxes as follows, 10) where J is the Kähler form of M 6 , and vol 4 is the volume element of M 1,3 . It is then straightforward to see that the Bianich identities (2.11), the F -form and G-form equations in (3.13) are automatically satisfied, while the H-form equation reduces to,
Moreover the dilaton equation (3.11) reduces to,
The two equations above can be used to determine two of the parameters a, b, c, m in terms of the other two.
The mixed (µ, m) components of the Einstein equations (3.12) are automatically satisfied, while the internal components of the Einstein equations reduce to,
where we have taken (4.12) into account. This equation simply solves for ω; it implies that the internal space M 6 is necessarily of positive scalar curvature.
Lastly the (µ, ν) components of the Einstein equations reduce to,
where again we have used (4.12). It follows that for (ΛΛ) 2 sufficiently large, Ω is positive and the theory admits dS 4 × M 6 solutions. We also note that, for vanishing condensate, Ω is necessarily negative. In this case we recover the AdS 4 × M 6 solutions described in section 3.2 of [26] .
Conclusions
We have used the superspace formulation [13] of Romans supergravity [12] to obtain the dilatino terms of the theory, and we have found agreement with the quartic-fermion term of [14] . As we have seen, setting the Einstein-frame gravitino to zero results in a positive quartic-dilatino term, which could therefore generate a positive cosmological constant via fermionic condensation.
As a byproduct we have obtained the superform formulation of Romans supergravity: the hatted superforms of eq. (2.16) obey the super-Bianchi identites (2.14). The latter can be used as an alternative starting point for defining the full theory in superspace.
We have shown that the theory admits formal de Sitter space solutions, obtained by assuming nonvanishing dilatino condensates. This is in contrast to gaugino-condensate scenarios in heterotic string which do not seem to allow for a de Sitter vacuum [8] . The results of the present paper open the way for a more general and systematic study of (massive) IIA solutions supported by dilatino condensates, with or without supersymmetry.
We emphasize that we do not claim to have solved the problem of de Sitter space in string theory: we have offered neither a concrete mechanism for the generation of the dilatino condensate (although we have brane instantons in mind), nor any controlled setting in which these quantum effects might take place. The main message of the present paper is that the quartic-dilatino term in (massive) IIA turns out to be positive, and that this could potentially be important for cosmological applications.
It is well known that de Sitter and, more generally, cosmological spacetimes are not straightforward to embed in string theory. In that respect fermionic condensates offer an interesting possibility for generating a positive cosmological constant. Although elucidating the quantum origin of the putative dilatino condensate is beyond the scope of the present paper, it is clearly an important point that needs to be addressed.
where we have taken (4.5),(4.6) of [13] up to cubic fermion terms; the curved gamma matricesγ are defined with respect to the rescaled metric (2.6). Similarly for the gravitino transformations we obtain,
where we used (4.3) of [13] . Furthermore using (4.6) of [13] whereω, ω are the spin connections ofĝ, g respectively, and χ is a fermion of either chirality.
To make contact with the supersymmetry transformations as given in e.g. [22] we use the following ten-dimensional Dirac-matrix notation: respectively, up to cubic fermion terms. These are precisely the supersymmetry transformations expressed in the conventions of [22] .
B. A note on conventions
In this section we compare our conventions to those of [12, 14] . The translation between the conventions of the present paper and those of [22] was explained previously.
The fermionic fields in [12] are related to those in the present paper via,
where the R superscript denotes the fields in that reference. Moreover the bosonic fields of [12] are related to those in the present paper via, With these field redefinitions it can be seen that at the fermionic vacuum (3.1) the action of [12] precisely reduces to that given in (2.22), (2.12) of the present paper, up to the quartic-fermion term which was not computed in [12] .
On the other hand the quartic-fermion terms are identical in the massive and massless IIA theories. In order to compare with the quartic-fermion terms of massless IIA as given in [14] we note that, upon setting k = 1 therein, the fermionic ψ GP m , λ GP of that reference are related to the ones in the present paper via, 
